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Abstract
A simple geometric algebra is shown to contain automatically the leptons and
quarks of a family of the Standard Model, and the electroweak and color gauge
symmetries, without predicting extra particles and symmetries. The algebra is
already naturally present in the Standard Model, in two instances of the Clifford
algebra Cℓ6, one being algebraically generated by the Dirac algebra and the weak
symmetry generators, and the other by a complex three-dimensional representa-
tion of the color symmetry, which generates a Witt decomposition which leads to
the decomposition of the algebra into ideals representing leptons and quarks. The
two instances being isomorphic, the minimal approach is to identify them, result-
ing in the model proposed here. The Dirac and Lorentz algebras appear naturally
as subalgebras acting on the ideals representing leptons and quarks. The result-
ing representations on the ideals are invariant to the electromagnetic and color
symmetries, which are generated by the bivectors of the algebra. The electroweak
symmetry is also present, and it is already broken by the geometry of the algebra.
The model predicts a bare Weinberg angle θW given by sin
2
θW = 0.25. The model
shares common ideas with previously known models, particularly with Chisholm
and Farwell, 1996, Trayling and Baylis, 2004, and Furey, 2016.
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1. Introduction
This article presents an algebra which describes the Standard Model (SM) symmetries
and a family of leptons and quarks, connecting some of their apparently independent
properties like various charges and symmetries in a compact way, whose matrix repre-
sentation is illustrated in (1).
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A three-dimensional Hermitian space χ determines a Clifford algebra Cℓ
(
χ† ⊕ χ),
which is naturally split into left ideals. In a basis adapted to the ideal decomposition,
each column contains two 4-spinors associated to different flavors, as illustrated in (1).
The Lie group SU(3)c permutes the columns according to the representations 1c, 3c, 1c,
and 3c. Each ideal is indexed with an electric charge which is multiple of
1
3
partially
representing the charge of the upper particle, and its color is determined by the ideal to
which belongs, having associated a particular representation of SU(3)c. The actions of
the Dirac algebra and the Lorentz group are reducible, permute the rows of each ideal,
and split it naturally into two 4-spinors, whose left chiral components are permuted by
the SU(2)L symmetry by the representations 1w and 2w. Hence, the leptons, quarks,
and gauge symmetries of the SM are reproduced properly.
In the SU(5) and Spin(10) unified theories the basis of the exterior algebra
∧ • (C2 ⊕ C3)
classifies the internal degrees of freedom of leptons and quarks, the Clifford algebra Cℓ10
being generated by ladder operators acting on
∧ • (C2 ⊕ C3) (e.g. Baez, J and Huerta, J
(2010)). The model proposed here uses the representation of colors and electric charges
from
∧ •C3, realized as a minimal right ideal of Cℓ6, which classifies the minimal
left ideals by a standard construction using the Witt decomposition (Chevalley, 1997;
Crumeyrolle, 1990). This has the desired symmetries, and leptons and quarks are rep-
resented on each of the resulting minimal right ideals.
The model proposed here shares common features with previously known models. Par-
ticles of two distinct flavors were previously combined into 8-spinor ideals, in a unified
spin gauge theory of gravity and electroweak interactions based on Cℓ1,6 ∼= Cℓ1,3⊗Cℓ0,3
(Chisholm and Farwell, 1996), and in (Trayling, 1999; Trayling and Baylis, 2001, 2004)
based on Cℓ7 ∼= Cℓ3⊗Cℓ4, where there are three space dimensions, the time is a scalar,
the four extra dimensions related to the Higgs boson, the predicted Weinberg angle is
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given by sin2 θW = 0.375, and remarkably, the full symmetries of the SM arise from
the condition to preserve the current and to leave right-handed neutrino sterile. Among
the main differences, the model proposed here uses different structures, leading to the
algebra Cℓ(χ† ⊕ χ) ∼= Cℓ6, includes the Dirac algebra Cℓ1,3 ⊗ C, and sin2 θW = 0.25.
In the Cℓ1,6 and Cℓ7 models the ideals are obtained using primitive idempotents. The
model proposed here uses a decomposition into left ideals Cℓ6qq
†qK , where K ⊆ {1, 2, 3}
(notations from §4.2), based on the Witt decomposition χ†⊕χ and the exterior algebra∧
kχ contained within the minimal right ideal qq†Cℓ6 = qq†
∧
kχ. This allows the col-
ors and charges to be emphasized, and the minimal left ideals of the same charge and
different colors to be coupled into a larger ideal. In a model based on octonions, Furey
(Furey, 2015, 2016) uses the Witt decomposition for Cℓ6 to represent colors and charges
of up- and down-type particles by q†Kqq† and qKq†q, on the minimal left ideals Cℓ6qq†
and Cℓ6q
†q. They are united into a single irreducible representation of Cℓ6 ⊗C Cℓ2 ob-
tained by using the octonion algebra. To represent the complete particles, with spin and
chirality, Furey proposes including the quaternion algebra, resulting in a representation
of leptons and quarks as spinors of an algebra isomorphic to Cℓ12. By contrast, in the
model proposed here, everything is contained in the ideals of Cℓ6 classified by the ele-
ments qq†qK . Despite these differences, the SU(3)c and U(1)em symmetries in the model
proposed here are identical to those obtained previously by Furey (Furey, 2016) as the
unitary spin transformations preserving the Witt decomposition of Cℓ6, improving by
this previous results based on octonions and Clifford algebras (Gu¨naydin and Gu¨rsey,
1974; Barducci et al., 1977; Casalbuoni and Gatto, 1979). Note that the algebra used
by Furey is the Dixon algebra C⊗H ⊗ O. Dixon used previously this algebra to build
a model for leptons and quarks in a model of high mathematical beauty and important
physical insights (Dixon, 2013). A unified model based on the Clifford algebra Cℓ1,5,
which predicts the same Weinberg angle of 30◦, was proposed in (Besprosvany, 2000).
Another model, based on Cℓ∗3 ∼= GL(2,C) for the electroweak unification and the lepton
sector, and on the Clifford algebra Cℓ1,5 to include quarks and obtain the full unification
with SU(3)c, was developed in (Daviau, 2017; Daviau and Bertrand, 2015b). The au-
thors obtained the same Weinberg angle of 30◦ in a model based on de Broglie’s idea on
the photon as made of two Dirac waves (Daviau, 2015; Daviau and Bertrand, 2015a). An
interesting approach to grand unification, based on the exceptional real Jordan algebra
of dimension 27, was proposed in (Dubois-Violette, 2016; Todorov and Dubois-Violette,
2017). A unification of conformal gravity with an extended standard model with four
families was proposed in (Castro, 2017), based on the Clifford algebra Cℓ5. In (Vargas,
2013) a way to obtain U(1)Y × SU(2)L from the tangent bundle was proposed. Another
approach, based on the Clifford algebra Cℓ6,0 obtained from the non-relativistic phase
space, has been proposed in (Z˙enczykowski, 2017, 2013). There are significant differ-
ences between all these models, and they all are different from the one proposed here,
but it would take a dedicated review to describe all, so I just compared here the ones
with the most relevant common parts with the model proposed here.
In the following, starting from the algebra ASM := Cℓ(χ† ⊕ χ) alone, we will recover
the properties of leptons, quarks, and the symmetries of the SM. I was basically forced to
arrive at the complex Clifford algebra Cℓ6 by the need to include the Dirac algebra and
the SM forces. On the one hand, the Dirac algebra combined with the weak interaction
between two particles generate a Clifford algebra Cℓ6, which therefore is implicit in the
SM (Section §B). On the other hand, the representations of the SU(3)c group in the SM
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and the fact that the electric charge is multiple of 1
3
lead to the exterior algebra of a
complex three-dimensional vector space χ, and its dual χ† (Section §3), which together
generate the Clifford algebra Cℓ(χ†⊕χ) ∼= Cℓ6 (Section §4). Thus, any structure aiming
to describe the particles and forces of the SM has to include two instances of the algebra
Cℓ6. Since the two instances are isomorphic, the minimal solution is to identify them.
This minimal algebraic structure is the algebra ASM. This model does not accommodate
at this moment more families, and it does not discuss masses, various mixing angles and
phases, and for simplicity I will denote the leptons and quarks by the names of the first
family.
2. Motivation
In the following, the Dirac algebra D := Cℓ1,3 ⊗ C ∼= Cℓ4 is the complexification of
the real Clifford algebra Cℓ1,3 associated to the Lorentz metric having the signature
(+,−,−,−). The Dirac algebra Cℓ4 is isomorphic to the complex matrix algebraM4(C),
or equivalently, to the algebra of complex linear transformations EndC(W ) of a four-
dimensional complex space W .
The Standard Model of particle physics, extended with the data about neutrinos,
contains all we know about elementary particles. The fundamental fermions are the
leptons and quarks, and their antiparticles.
Three charged leptons are known: the electron e−, the muon µ−, and the taon τ−,
having as antiparticles respectively the positron e+, the antimuon µ+, and the antitaon
τ+. We also know so far three neutral leptons, named neutrinos : the electron neutrino
νe, the muon neutrino νµ, and the tau neutrino ντ . Their corresponding antiparticles
are respectively the electron antineutrino νe, the muon antineutrino νµ, and the tau
antineutrino ντ .
The fundamental fermions of a generic family and their discrete properties are sum-
marized in Table 1.
Particle e− u d ν ν d u e+
Electric charge −1 −2
3
−1
3
0 0 +1
3
+2
3
+1
Weak isospin
L −1
2
0 −1
2
0 +1
2
0 +1
2
0
R 0 −1
2
0 −1
2
0 +1
2
0 +1
2
Hypercharge
L −1 −4
3
+1
3
0 −1 +2
3
+1
3
+2
R −2 −1
3
−2
3
1 0 −1
3
+4
3
+1
Table 1: Discrete properties of leptons and quarks.
As we know from Wigner (Wigner, 1939), particles are classified by unitary represen-
tations of the Poincare´ group. Because the Poincare´ group is noncompact, the unitary
representations can only be infinite-dimensional. Particles are classified by spin and
mass. Here we will not deal with the mass, since we will focus on the values of field
at each point, which admits finite-dimensional representations. So the question “if all
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possible combinations of mass and spin are allowed by Wigner’s theorem, why only some
of them correspond to real particles?” will not be addressed here.
In addition to spin and mass, particles have internal degrees of freedom. The gauge
symmetry is the symmetry of an internal space. The Standard Model contains as internal
symmetry groups the color group SU(3)c, and the electroweak group, which contains the
electromagnetic group U(1)em. It is usually considered that the electroweak group is
SU(2)L × U(1)Y. What we really know is not the Lie group, but its Lie algebra. There
are strong arguments that the more natural, both geometrically and physically, Lie
group of the electroweak symmetry is not SU(2)L × U(1)Y, but U(2)ew, which is locally
isomorphic to it, U(2)ew ∼= SU(2)L × U(1)Y/Z2 (Derdzinski (1992), Ch. 6), (McCabe
(2011), Ch. 4). The results presented here also support this position, so I will take
U(2)ew as the electroweak group.
In the following I will ignore the families and the masses, and I will consider as
prototype the first family. I will try to construct the simplest model that answers the
following questions:
1. Why each family contains a charged and a neutral lepton, and two quarks?
2. Why are leptons white, that is, why they do not have color charges?
3. Why are the charges positive or negative multiples of 1
3
of the electron’s charge?
Why the charge of the elementary fermions is never larger, in absolute value, than
the charge of the electron?
4. Why are the charges of the leptons and quarks how they are, that is, why for
example there is no down quark with positive charge, or other combination?
5. Why does the Standard Model’s internal symmetry group is particularly SU(3)c×
U(2)ew, when infinitely many other possibilities are available?
6. Why does the Standard Model apparently contains only fundamental particles
corresponding to some of the possible representations of these gauge groups, when
infinitely many other possibilities are available?
7. Why does the electroweak force depend on the chirality of the particle, which is
related to spin?
Some of these questions are addressed and answered by grand unified theories (GUT)
like SU(5) (Georgi and Glashow, 1974) and SO(10) (actually Spin(10)) (Georgi, 1975;
Fritzsch and Minkowski, 1975). So far all such models predict still undetected addi-
tional interactions and proton decay. But they contain important insights for future
developments.
After the success of the electroweak unification, the natural question was “is it possible
to unify the electroweak symmetry with the color symmetry?”. This suggested that a
larger group, which extends the Standard Model group but is simple, should exist. The
requirement that the group should be simple comes from the desire to unify the coupling
constants. Geometrically speaking, the coupling constants, which appear as coefficients
in the Lagrangian, are coefficients defining on the Lie algebra an inner product invariant
to the adjoint action of the Lie group on the Lie algebra. If the unifying Lie group is
simple, it admits a unique, up to a constant factor, Ad-invariant inner product. The
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coupling constants of the forces that are unified are thus obtained as coefficients of the
inner products induced by the unification inner product on their Lie algebras viewed as
Lie subalgebras of the unifying Lie algebra. These resulted in the SU(5) and Spin(10)
GUTs. But the coupling constants are in fact properties of the group’s Lie algebra. So
another possibility is that the Standard Model is unified in a simple algebra, which is
not necessarily a Lie algebra, but it has a naturally associated Lie algebra. There are
two problems with unification theories based on simple groups. First, they invariably
lead to the need of another symmetry breaking, additional gauge bosons, and proton
decay. Second, simply finding a unifying group does not explain the representations
chosen by Nature. A Lie group has infinitely many representations, so we would need an
additional principle to pick the right representation. In the case of the SU(5) GUT the
representation is 5⊕10 (and optionally a singlet 1 containing the right-handed neutrino),
while in the Spin(10) GUT, which extends SU(5), the representation reduces to 5⊕10⊕1.
The only justification for these representations comes from the compatibility with the
known particles in the Standard Model, but the question “why this one, among infinitely
many possible representations?” remains.
But what if there is a simple mathematical structure which has the symmetries of the
Standard Model, and provides the right representations automatically? In the following
I will propose that the complex Clifford algebra Cℓ6 with a certain ideal decomposition
(denoted here by ASM) has the desired features. The Dirac algebra arises as a distin-
guished subalgebra of ASM. The group of transformations of ASM compatible with the
ideal decomposition and the Dirac algebra is just the Standard Model group.
Why the complex Clifford algebra Cℓ6? In Section §B I show that Cℓ6 is inherent
in the Standard Model: just take the internal space of a pair of weakly interacting
particles, such as νe and e
−. The weak force generators act on the direct sum of their
spinor spaces, which is an eight-dimensional complex vector space, and extend the Dirac
algebra to the algebra Cℓ6. The Clifford algebra Cℓ6 also results naturally if we inspect
the representations of U(1)em and SU(3)c found in the SM (Sections §3, §4). The minimal
model containing both instances of Cℓ6 is the one in which they are identified, and which
is presented here. The main part of the article is devoted to explaining how this algebra
accounts automatically for the quarks and the symmetries associated with the known
interactions, at least for a family.
3. Patterns in the Standard Model
First, let us organize a little bit the Standard Model. The internal charge spaces are
summarized in Table 2:
In the following, if (V, h) is a complex vector space V with a Hermitian inner product h,
h establishes canonical complex linear isomorphisms between the dual and the conjugate
of V , V † ∼= V , and also V ∼= V †. We will also use the notation V −1 := V † = V , which
comes handy when talking about charges.
Let us consider a number of n particles of electric charges Qi, i ∈ {1, . . . , n}. The total
system of these particles is represented as a vector in the tensor product of the state
vector spaces of the individual particles, and its charge is Q =
∑n
i=1Qi. This applies to
tensor and exterior products of internal states too.
In particular, the one-dimensional complex space χem is endowed with a Hermitian
6
Type of charge / force Internal space C-dimension Symmetry
Electromagnetic χem 1 U(1)em
Weak hypercharge χY 1 U(1)Y
Color χc 3 SU(3)c
Electroweak χew 2 U(2)ew
Table 2: The internal charge spaces of particles in the Standard Model.
inner product hem, and is the internal elementary charge space, representing a charge
equal to 1
3
e, where e is the electron charge. The charge −1
3
e is represented on the
complex conjugate space χem = χ
−1
em. For a particle of charge
k
3
e, where k ∈ Z, the
internal charge space is χkem :=
⊗k
C
χem (Penrose and Rindler, 1987; Derdzinski, 1992).
The combined internal charge and color space for leptons and quarks are represented
in Table 3.
Particle e− u d ν ν d u e+
Electro-color space χ3em χ
2
emχc χ
1
emχc C C χ
−1
emχc χ
−2
emχc χ
−3
em
Table 3: The internal charges spaces of particles.
Taking tensor products of the color space χc with itself would allow various internal
combinations of colors, for example multiples of r, y, and b, which seem to be absent
in nature. Why are there only (white) leptons, and quarks of colors r, y, and b, and
antiquarks of colors r, y, and b? A possible answer is that the only color spaces are
exterior powers of χc, that is,
∧
kχc and
∧−kχc := ∧ kχc, where k ∈ {0, 1, 2, 3}. Then,
the only possibilities would be
∧
0χc ∼= C,
∧
1χc ∼= χc,
∧
2χc,
∧
3χc ∼= C, and their
complex conjugate spaces. This reproduces the color and charge patterns of leptons,
quarks, and their antiparticles.
But there is an isomorphism between
∧
2χc and χc, obtained as follows. Consider a
volume form on χc, that is, a unit vector λc ∈
∧
3χ†c. Then, for any ξ ∈
∧
2χc, the
contraction λABCc ωAB is a vector from χ
†
c
∼= χc. This isomorphism is unique up to a
phase factor, and it acts by r ∧ y 7→ b, y ∧ b 7→ r, b ∧ r 7→ y, where (r, y, b) is a basis in
χc.
Let us define χ := χem ⊗ χc (the justification of this choice rather than χem ⊗ χc will
follow). The space χ has complex dimension three and is Hermitian, with the Hermitian
inner product h = hem ⊗ hc.
Let us pick an orthonormal (with respect to the Hermitian inner product h) basis of
χ, and its dual basis in χ†, as {
(q1, q2, q3)
(q†1, q†2, q†3).
(2)
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The inner product h induces a positive definite Hermitian inner product on χ, with
respect to which the basis (q†1, q†2, q†3) is orthonormal.
Let us choose the following basis for
∧ •χ,
(1, q23, q31, q12, q321, q1, q2, q3), (3)
where qj1...jk := qj1 . . . qjk . The inner product h extends on the exterior algebra
∧ •χ to
a positive definite Hermitian inner product for which the basis (3) is orthonormal.
The combined internal charge and color spaces for leptons and quarks are represented
now in Table 4.
Particle e− u d ν ν d u e+
Electro-color space
∧
3χ
∧
2χ
∧
1χ
∧
0χ
∧
0χ
∧
1χ
∧
2χ
∧
3χ
Table 4: The unified internal charges spaces, where χ := χemχc.
Now all leptons and quarks, and their antiparticles, are classified by exterior powers
of χ, and some of the relations between various discrete parameters are explained, as
well as the Standard Model gauge group after the symmetry breaking. The spaces
∧
kχ
are the desired representations of both U(1)em and SU(3)c.
As for the weak interaction between two particles, for example νe and e
−, their spinor
spaces decompose in the singlet spaces for νeR and e
−
R, and a doublet space for νeL and
e−L . These spaces also correspond to the exterior powers of a certain complex vector
space, as we shall see in Section §5.2.
Note that GUTs like SO(5) and Spin(10) are based on representations on the exte-
rior algebra of a 5-dimensional complex space,
∧ •C5, which includes a subspace similar
(though not identical) to
∧ •χ, and another one corresponding to the electroweak in-
teraction. These subspaces are obtained by a symmetry breaking – in addition to the
electroweak symmetry breaking – which predicts other 12 gauge bosons that exchange
leptons and quarks. I am interested here to avoid, if possible, this additional symmetry
breaking and the resulting bosons and proton decay, which seem to be ruled out by
experiments.
In the following, the exterior algebra corresponding to the electric and color interac-
tions, and that corresponding to the weak interaction, will turn out to be subalgebras of
the Clifford algebra Cℓ6. Leptons and quarks, with their charges and interactions, will
emerge out of the same algebra.
4. An algebra for the Standard Model
In this Section I construct an algebra which will turn out to contain the symmetries and
generic family of the Standard Model, with their properties. The method of construction
of a Clifford algebra out of a vector space and its dual was employed for example in
(Doran et al., 1993; Gualtieri, 2004). This algebra turns out to be the Clifford algebra
Cℓ6 endowed with a Witt decomposition, which leads to an ideal decomposition classified
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by the exterior powers of χ, which in turn can be used to classify particles by the SU(3)
symmetries.
4.1. Definition and main properties
On the space χ† ⊕ χ we define the inner product
〈u†1 + u2, u†3 + u4〉 :=
1
2
(
u†1(u4) + u
†
3(u2)
)
∈ C, (4)
where u†1, u
†
3 ∈ χ† and u2, u4 ∈ χ (also see Gualtieri (2004)). This inner product should
not be confounded with the Hermitian inner product h on χ. In fact, χ and χ† are
maximally isotropic subspaces for the inner product (4).
We denote by ASM the Clifford algebra defined by the inner product (4),
ASM := Cℓ(χ† ⊕ χ) ∼= Cℓ6, (5)
together with the Witt decomposition χ† ⊕ χ of the base complex 6-dimensional space,
and with the Hermitian inner product on χ and χ†.
The elements of the bases defined in equation (2) satisfy the anticommutation relations
{qj, qk} = 0,
{q†j , q†k} = 0,
{qj, q†k} = δjk
(6)
for j, k ∈ {1, 2, 3} (also see Baez, J and Huerta, J (2010); Furey (2016)). In other words,
(q†1, q†2, q†3, q1, q2, q3) is a Witt basis of χ† ⊕ χ.
The map qj 7→ q†j, j ∈ {1, 2, 3} corresponds to the main antiautomorphism of the
Clifford algebra ASM, † : ASM → ASM, defined by
c† = c∗,
(qj)
† = q†j ,
(
q†j
)†
= qj,
(a + b)† = a† + b†,
(ab)† = b†a†,
(7)
for any a, b ∈ ASM, c ∈ A0SM = C. Then, (a†)† = a for any a ∈ ASM. As we shall see,
the algebra ASM can be represented as a matrix algebra, such that † corresponds to the
matrix adjoint.
We define an orthonormal basis of the vector space χ† ⊕ χ, (e1, e2, e3, e˜1, e˜2, e˜3), by{
ej = qj + q
†
j
e˜j = i
(
q†j − qj
)
,
(8)
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where j ∈ {1, 2, 3}. Then, e2j = 1, e˜2j = 1, e†j = ej, and e˜†j = e˜j. Also,{
qj =
1
2
(ej + ie˜j)
q†j = 12 (ej − ie˜j) .
(9)
The algebra ASM inherits the gradation from its Clifford algebra structure, ASM =⊕6
k=0AkSM, where the vector subspaces AkSM of pure degree k correspond to those of the
exterior algebra
∧ • (χ† ⊕ χ),
AkSM = Cℓk(χ† ⊕ χ) =
∧
k
(
χ† ⊕ χ) . (10)
We define the elements {
e := e1e2e3,
e˜ = e˜1e˜2e˜3.
(11)
Then, e2 = −1, e˜2 = −1, ee˜ = −e˜e, and (ee˜)2 = −1.
As for any Clifford algebra, we define the main automorphism of ASM as α : ASM →
ASM, {
α(a) := −a for any a ∈ A1SM,
α(ab) := α(a)α(b) for any a, b ∈ ASM.
(12)
It is easy to see that for any a ∈ AkSM, α(a) = (−1)ka.
The operation a 7→ a˜ extends to ASM by ˜˜a = a and a˜b = b˜a˜ for any a, b ∈ ASM.
4.2. Ideals and representation
The elements {
q := q1q2q3,
q† = q†3q†2q†1,
(13)
are nilpotent, since q2 = 0 and q†2 = 0.
Let us make the notation p := qq† and p′ = q†q, since we will use them extensively. It
can be shown that
p =
1 + ie1e˜1
2
· 1 + ie2e˜2
2
· 1 + ie3e˜3
2
. (14)
The elements p and p′ are idempotent, since (p)2 = p and (p′)2 = p′. They are in
fact primitive idempotent elements, hence they define minimal left and right ideals of
the algebra ASM (Chevalley, 1997; Crumeyrolle, 1990). When we represent the Clif-
ford algebra ASM as an endomorphism algebra EndC(C8), the idempotents p and p′ are
represented as projectors.
The ideals ASMq† = ASMp and ASMq = ASMp′ are minimal left ideals, and the ide-
als qASM = (ASMq†)† and q†ASM = (ASMq)† are minimal right ideals. It is easy to
show that
∧ •χq = 0 and ∧ •χ†q† = 0, and therefore ASMq† = ∧ •χq† = ∧ •χ†p and
ASMq =
∧ •χ†q = ∧ •χp′. Similar relations hold for the minimal right ideals, q∧ •χ = 0,
q†
∧ •χ† = 0, qASM = q∧ •χ† = p∧ •χ, and q†ASM = q†∧ •χ = p′∧ •χ†.
Let us describe the representation of the algebra ASM on its ideal
∧ •χ†p. The Clifford
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product between u† + v ∈ χ† ⊕ χ and ωp ∈ ∧ •χ†p is
(u† + v)ωp = (u† ∧ ω)p+ (ivω)p ∈
∧ •χ†p, (15)
where the interior product ivω is defined for any ω ∈
∧
kχ† by
(ivω) (u1, . . . , uk) =
{
ω(v, u1, . . . , uk−1), for k ∈ {1, 2, 3}, and
0 for k = 0.
(16)
Then, the vectors qj act like annihilation operators, and q
†
j act as creation operators
on
∧ •χ†p: {
q†j(ωp) = (q†j ∧ ω)p,
qj(ωp) = (iqjω)p,
(17)
which is consistent with the anticommutation relations (6).
Similarly to equation (15) one defines an irreducible representation on the minimal
left ideal
∧ •χp′ of ASM. Its elements are Cℓ6-spinors.
A basis of the ideal
∧ •χ†p can be obtained from the basis (3),
(1 p, q†23 p, q
†
31 p, q
†
12 p, q
†
321 p, q
†
1 p, q
†
2 p, q
†
3 p). (18)
The basis (18) is written in terms of the idempotent element p. It is equal to the basis
(q q†,−q1 q†,−q2 q†,−q3 q†, 1 q†, q23 q†, q31 q†, q12 q†) (19)
written in terms of the nilpotent q†, which determines the same ideal as p.
Let us find the matrix representation of qj, q
†
j, ej , and e˜j in the basis (18).
Here and in other places it will be convenient to use the Pauli matrices σ1 =


0 1
1 0


,
σ2 =


0 −i
i 0


, σ3 =


1 0
0 −1


, and the matrices σ+ =
1
2
(σ1 + iσ2) =


0 1
0 0


,
σ− = 12(σ1− iσ2) =


0 0
1 0


, σ+3 =
1
2
(1+σ3) =


1 0
0 0


= σ+σ−, and σ−3 =
1
2
(1−σ3) =


0 0
0 1


= σ−σ+.
We obtain, in the representation (18) of ASM on its ideal
∧ •χ†q,
q†1 =


0 0 0 0
0 0 0 −iσ2
−iσ2 0 0 0
0 0 0 0


, q†2 =


0 0 0 σ−3
0 0 −σ−3 0
0 −σ+3 0 0
σ+3 0 0 0


, q†3 =


0 0 0 −σ−
0 0 σ+ 0
0 −σ+ 0 0
σ− 0 0 0


.
(20)
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q1 =


0 0 iσ2 0
0 0 0 0
0 0 0 0
0 iσ2 0 0


, q2 =


0 0 0 σ+3
0 0 −σ+3 0
0 −σ−3 0 0
σ−3 0 0 0


, q3 =


0 0 0 σ+
0 0 −σ− 0
0 σ− 0 0
−σ+ 0 0 0


.
(21)
Then,
q† =


0 0 0 0
0 0 0 0
σ+3 0 0 0
0 0 0 0


, q =


0 0 σ+3 0
0 0 0 0
0 0 0 0
0 0 0 0


, p =


σ+3 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0


, p′ =


0 0 0 0
0 0 0 0
0 0 σ+3 0
0 0 0 0


.
(22)
Then, from equation (8),
e1 =


0 0 iσ2 0
0 0 0 −iσ2
−iσ2 0 0 0
0 iσ2 0 0


, e2 =


0 0 0 12
0 0 −12 0
0 −12 0 0
12 0 0 0


, e3 =


0 0 0 iσ2
0 0 iσ2 0
0 −iσ2 0 0
−iσ2 0 0 0


,
(23)
and
e˜1 =


0 0 σ2 0
0 0 0 σ2
σ2 0 0 0
0 σ2 0 0


, e˜2 =


0 0 0 −iσ3
0 0 iσ3 0
0 −iσ3 0 0
iσ3 0 0 0


, e˜3 =


0 0 0 −iσ1
0 0 iσ1 0
0 −iσ1 0 0
iσ1 0 0 0


.
(24)
The matrix representations of the elements e, e˜, and ee˜ is
e =


04 14
−14 04


, e˜ = i


04 14
14 04


, ee˜ = i


14 04
04 −14


. (25)
By noticing that q†ASMq = Cq†q, it can be checked that
h(a, b)p′ = (a†q)†b†q = q†ab†q (26)
for any a, b ∈ ∧ •χ. The proof is given in Appendix §A. This shows that, although the
inner product (4) vanishes on χ† and χ, where the Hermitian inner product h is positive
definite, the inner product h becomes unified with the Hermitian inner product in the
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ideal
∧ •χ†q.
It is helpful sometimes to use multiindices K ⊂ {1, 2, 3}. This allows us to write
immediately a matrix representation of the algebra ASM. We can represent the spinors
from
∧ •χ†q as vectors
Ψq =
∑
K⊂{1,2,3}
ΨKq†Kq, (27)
where ΨK ∈ C. Similarly, their duals can be expressed in the following vector form
q†Ψ† =
∑
K⊂{1,2,3}
Ψ†Kq
†qK , (28)
where Ψ†K ∈ C.
Then, the Hermitian scalar product (26)
h(Φ,Ψ)p′ = (Φq)†Ψq (29)
takes the form
h(Φ,Ψ) =
∑
K⊂{1,2,3}
Φ†KΨ
K . (30)
Any element a of ASM can be written uniquely as a linear combination of the form
a =
∑
K1,K2⊂{1,2,3}
aK1K2 q
†
K1 p qK2. (31)
Then, from equation (30) follows that for any a, b ∈ ASM, the Clifford product c = ab
takes the simple matrix form
cK1K2 =
∑
K⊂{1,2,3}
aK1Kb
K
K2, (32)
for all K1, K2 ⊂ {1, 2, 3}.
Therefore, the Witt decomposition A1SM = χ† ⊕ χ gives a natural decomposition of
ASM as a direct sum of left ideals
ASM =
3⊕
k=0
(∧ •χ†) p∧ kχ, (33)
which means that ASM decomposes as sum of spinors with internal degrees of freedom
in
∧
kχ, similar to leptons and quarks, as explained in Section §3.
5. The weak symmetry
In this section I review the weak symmetry, and after that I show how it is present in
the algebra ASM.
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5.1. Review of the weak symmetry
For generality, I will consider a pair of 4-spinors ψ0 ∈ W0 and ψ1 ∈ W1, belonging to
distinct representations of the Dirac algebraW0 andW1, such that that their left-handed
components ψ0L ∈W0L and ψ1L ∈W1L belong to the same weak doublet. In particular,
the pair


ψ0
ψ1


can be leptons like


νe
e−


, quarks of the same color like


ur
dr


, and
so on for the other families. At this stage we will focus on the SU(2)L symmetry, and
ignore other degrees of freedom, which will emerge naturally later. Also, for simplicity
here I discuss only the weak symmetry and not the electroweak symmetry, which is the
true gauge symmetry. The electroweak symmetry will be discussed later.
The Dirac matrices act simultaneously and identically on the 4-spinors ψ0 and ψ1.
The chiral components of the two 4-spinors are{
ψ0L := PLψ0 ∈W0L, ψ0R = PRψ0 ∈W0R,
ψ1L = PLψ1 ∈W1L, ψ1R = PRψ1 ∈W1R,
(34)
where {
PL :=
1−γ5
2
,
PR :=
1+γ5
2
.
(35)
We denote the chiral subspaces of the complex four-dimensional spaces W0 and W1 by{
W0L := PLW0, W0R = PRW0,
W1L = PLW1, W1R = PRW1.
(36)
Weak interactions distinguish between left handed and right handed leptons and
quarks. The generators of the weak symmetry group SU(2)L are defined on the left
chiral components by
TjL : EndC(W0L ⊕W1L),
TjL := σj ⊗ 12,
(37)
where j ∈ {1, 2, 3} and σj are the Pauli matrices. In other words,
T1L


ψ0L
ψ1L

 =


ψ1L
ψ0L

,
T2L


ψ0L
ψ1L

 =


−iψ1L
iψ0L

,
T3L


ψ0L
ψ1L

 =


ψ0L
−ψ1L

.
(38)
On the right chiral components they act by
TjR : EndC(W0R ⊕W1R),
TjR := 0
(39)
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for all j ∈ {1, 2, 3}. They generate the trivial action of SU(2)L on the right-handed
fermions, so
TjR


ψ0R
ψ1R


= 0. (40)
It follows that the generators of the weak symmetry on the total spinor space W0⊕W1
are Tj = TjL ⊕ TjR. More explicitly,
Tj : EndC(W0 ⊕W1),
Tj = σj ⊗ PL,
(41)
where j ∈ {1, 2, 3}.
Hence,
1
2
[Tj , Tk] = iǫ
jklTl, (42)
where j, k, l ∈ {1, 2, 3}. The structure constants ǫjkl are completely antisymmetric,
being equal to 0 except for {j, k, l} = {1, 2, 3}, in which case ǫjkl = ±1, the parity of the
permutation of the indices j, k, l.
In Section §B I explain how the Dirac algebra combined with the weak symmetry
generate the algebra MC(8) ∼= Cℓ6.
5.2. Weak symmetry in the algebra ASM
Consider now again the minimal left ideal ASMp of ASM. It is an eight-dimensional
complex vector space. By right multiplication with various exterior products of the
elements qj, one gets ideals of charges that are multiple of
1
3
and colors. But to represent
leptons and quarks, one has to find out how the Dirac algebra acts on each of these
ideals. Clearly the representation of the Dirac algebra on an eight-dimensional complex
vector space is reducible, but the projectors 1
2
(1± iee˜) provide the decomposition into
irreducible representations. In addition, each of the resulting four-dimensional subspaces
has to be split into complex two-dimensional spaces corresponding to chirality. So we
need the representation of the chirality operator, which we take to be
Γ5 := −ie1e˜1 =


12 0 0 0
0 −12 0 0
0 0 −12 0
0 0 0 12


. (43)
This choice favors a particular color – direction in the space of colors. However, we will
see later that this choice does not break the SU(3)c symmetry, because the action of the
Dirac algebra on the ideals is independent of the colors and the action of SU(3)c.
Now we look for the representations of SU(2)L, taking into account the chirality of
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each space. To find it, consider the elements
ωu =


0 12 0 0
0 0 0 0
0 0 0 −12
0 0 0 0


, ωd =


0 0 −12 0
0 0 0 −12
0 0 0 0
0 0 0 0


, ω◦ =


σ+ 0 0 0
0 −σ+ 0 0
0 0 −σ+ 0
0 0 0 σ+


.
(44)
The reader may anticipate that the indices u and d are related to the weak symmetry
doublets. Indeed, the reasons for this notation will become apparent, and also the
necessity of ω◦ and ω†◦, which are not related to the weak symmetry.
We define the null complex vector spaces N and N † as the spaces spanned by null
vectors from (46), by {
N := spanC (ωu, ωd, ω◦) ,
N † := spanC
(
ω†u, ω†d, ω†◦
)
.
(45)
The elements
(ωu, ωd, ω◦, ω†u, ω†d, ω†◦) (46)
form a Witt basis of the space N † ⊕N , satisfying the anticommutation relations
{ωj, ωk} = 0,
{ω†j, ω†k} = 0,
{ωj, ω†k} = δjk
(47)
for j, k ∈ {u, d, ◦}.
We define the orthonormal basis{
uj = ωj + ω
†
j
u′j = i
(
ω†j − ωj
)
,
(48)
where j ∈ {u, d, ◦}. Then, u2j = 1, u′2j = 1, and{
ωj =
1
2
(
uj + iu
′
j
)
ω†j = 12
(
uj − iu′j
)
.
(49)
The matrix form of uj and u
′
j is
uu =


0 12 0 0
12 0 0 0
0 0 0 −12
0 0 −12 0


, ud =


0 0 −12 0
0 0 0 −12
−12 0 0 0
0 −12 0 0


, u◦ =


σ1 0 0 0
0 −σ1 0 0
0 0 −σ1 0
0 0 0 σ1


,
(50)
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u′u =


0 −i12 0 0
i12 0 0 0
0 0 0 i12
0 0 −i12 0


, u′d =


0 0 i12 0
0 0 0 i12
−i12 0 0 0
0 −i12 0 0


, u′◦ =


σ2 0 0 0
0 −σ2 0 0
0 0 −σ2 0
0 0 0 σ2


.
(51)
It is useful to notice that uu = −ie3e˜1, u′u = e˜e2, ud = ie˜, and u′d = ie. uu = −ie3e˜1, u′u = e˜e2,ud = ie˜, u′d = ie. (52)
It is easy to check that none of the elements uj, u
′
j, ω
†
j, ωj are linear combinations of
the elements (q†1, q†2, q†3, q1, q2, q3). It follows that the complex vector space N † ⊕N is
different from χ† ⊕ χ.
The elements {
ω := ωuωdω◦,
ω† = ω†◦ω†dω†u
(53)
are nilpotent, since ω2 = 0 and ω†2 = 0.
The nilpotents ω and ω† have the following matrix form
ω =


0 0 0 −σ+
0 0 0 0
0 0 0 0
0 0 0 0


, ω† =


0 0 0 0
0 0 0 0
0 0 0 0
−σ− 0 0 0


. (54)
From them we can construct the idempotents ω†ω and ωω†,
ωω† = p =


σ+3 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0


, ω†ω =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 σ−3


. (55)
Then,
ASMp =
∧ •
N
†p. (56)
By identifying the complex three-dimensional vector space N † with the dual of N ,
the anticommutation relations (47) are equivalent to a Hermitian inner product hN
defined similarly to (26).
The vectors ωj and ω
†
j act as ladder operators on this ideal, similar to (17):{
ω†j(ap) = (ω†j ∧ a)p,
ωj(ap) = (iωja)p,
(57)
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where a ∈ ∧ •N †, and iωj is the interior product defined by the Hermitian inner product
hN . This definition is consistent with the anticommutation relations (47).
From the relations (57) it follows that the matrix form (44) corresponds to the basis(
1 p, ω†◦ p, ω†u p, ω†uω†◦ p, ω†d p, ω†dω†◦ p, ω†dω†u p, ω†dω†uω†◦ p
)
. (58)
At the same time, the matrices (44) are expressed in the basis (18). Hence,
ω†◦ p = q†23 p
ω†u p = q†31 p
ω†uω†◦ p = q†12 p
ω†d p = q†321 p
ω†dω†◦ p = q†1 p
ω†dω†u p = q†2 p
ω†dω†uω†◦ p = q†3 p
(59)
We cannot conclude, for example from ω†◦p = q†23p, that ω†◦ = q†23, because we are not
allowed to divide by p, which is not invertible. Although the identities (59) are between
elements of the same ideal
∧ •N †p = ∧ •χ†p, the spaces ∧ •N † and ∧ •χ† are different.
5.3. Spinorial generators of the weak symmetry
The key to the weak symmetry is the two-dimensional Hermitian vector space(
Ww := spanC
(
ω†u, ω†d
)
, hw
)
, (60)
where hw := hN |Ww is the restriction of hN to Ww.
The exterior powers
∧
0Ww = spanC (1) and
∧
2Ww = spanC
(
ω†uω†d
)
represent the
singlet states, and
∧
1
Ww = spanC
(
ω†u, ω†d
)
the doublet.
But in order to represent the elementary fermions of the Standard Model, the singlet
spaces and the doublet space need to have twice the number of dimensions of the exterior
powers
∧
kWw. This is obtained by the additional ω
†◦, which also is needed to represent
the Dirac algebra. In addition, we need more degrees of freedom to represent not only
the leptons, but also the up and down quarks, and their colors. These will emerge
naturally as other ideals of ASM.
Let W0R := spanC
(
p, ω†◦p
)
be the vector subspace of the ideal ASMp spanned by the
null vectors p and ω†◦p. In the following, it will correspond to the up particle singlet
space of the weak symmetry. The elements of the basis (58) split the ideal ASMp into
subspaces which correspond to the singlets and doublets of the weak symmetry:
Right-handed up singlet space: W0R := 1 spanC
(
p, ω†◦p
)
,
Left-handed up doublet space: W0L := ω
†
uW0R,
Right-handed down singlet space: W1R := ω
†
uω
†
dW0R,
Left-handed down doublet space: W1L := ω
†
dW0R.
(61)
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The Clifford algebra ASM contains a spin representation of the weak group SU(2)L,
which is a double cover of the representation normally used.
We choose the following set of generator bivectors for the group SU(2)L:
T˜1 := uuu
′
d − u′uud
T˜2 := uuud + u
′
uu
′
d
T˜3 := uuu
′
u − udu′d
(62)
They have the following matrix form in the basis (58):
T˜1 = 2i


0 0 0 0
0 0 12 0
0 12 0 0
0 0 0 0


, T˜2 = 2


0 0 0 0
0 0 −12 0
0 12 0 0
0 0 0 0


, T˜3 = 2i


0 0 0 0
0 −12 0 0
0 0 12 0
0 0 0 0


. (63)
Let us check that the bivectors in equation (62) are spinorial generators of the SU(2)L
group. We notice that each generator is a sum of commuting pure bivectors, T˜k =
B1k+B2k. All these bivectors have negative square, B
2
jk < 0. Because of commutativity
of the bivectors in each generator, the generated group elements are of the form
e
1
2
ϕT˜k = e
1
2
ϕB1ke
1
2
ϕB2k , (64)
where the factors commute, and ϕ ∈ R.
Let us see how the transformations generated by T˜1, T˜2, and T˜3 act on ω
†
u, ω
†
d, and ω
†◦.
From (62) we see that all of the generators commute with u◦ and u′◦, hence also with ω
†◦.
The transformations generated by T˜1 act on ω
†
j like
e
1
2
ϕT˜1ω†je−
1
2
ϕT˜1 = 1
2
e
1
2
ϕT˜1(uj − iu′j)e−
1
2
ϕT˜1
= 1
2
e
1
2
ϕuuu
′
de−
1
2
ϕu′uud(uj − iu′j)e
1
2
ϕu′uude−
1
2
ϕuuu
′
d .
(65)
Then, for ω†u, ω†d, and ω†◦,
e
1
2
ϕT˜1ω†ue−
1
2
ϕT˜1 = 1
2
(
e
1
2
ϕuuu
′
duue
− 1
2
ϕuuu
′
d − ie− 12ϕu′uudu′ue
1
2
ϕu′uud
)
= 1
2
(
eϕuuu
′
duu − ie−ϕu′uudu′u
)
= 1
2
(uu cosϕ− u′d sinϕ)− 12i (u′u cosϕ+ ud sinϕ)
= 1
2
(uu − iu′u) cosϕ− 12i (ud − iu′d) sinϕ
= ω†u cosϕ− iω†d sinϕ.
(66)
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e
1
2
ϕT˜1ω†de−
1
2
ϕT˜1 = 1
2
(
e−
1
2
ϕu′uudude
1
2
ϕu′uud − ie 12ϕuuu′du′de−
1
2
ϕuuu
′
d
)
= 1
2
(
e−ϕu
′
uudud − ieϕuuu′du′d
)
= 1
2
(ud cosϕ− u′u sinϕ)− 12i (u′d cosϕ+ uu sinϕ)
= 1
2
(ud − iu′d) cosϕ− 12i (uu − iu′u) sinϕ
= ω†d cosϕ− iω†u sinϕ.
(67)
e
1
2
ϕT˜1ω†◦e−
1
2
ϕT˜1 = ω†◦. (68)
Therefore, for any a in the plane Ww from (60),
e
ϕ
2
T˜1ae−
ϕ
2
T˜1 = e−iϕσ1a. (69)
The transformations generated by T˜2 act on ω
†
j like
e
1
2
ϕT˜2ω†je−
1
2
ϕT˜2 = 1
2
e
1
2
ϕT˜2(uj − iu′j)e−
1
2
ϕT˜2
= 1
2
(
e
1
2
ϕuuuduje
− 1
2
ϕuuud − ie 12ϕu′uu′du′je−
1
2
ϕu′uu
′
d
)
=
{
1
2
eϕuuuduj − 12ieϕu
′
uu
′
du′j if j ∈ {u, d}
uj if j = ◦.
(70)
Then, for ω†u, ω†d, and ω†◦,
e
1
2
ϕT˜2ω†ue−
1
2
ϕT˜2 = 1
2
(
eϕuuuduu − ieϕu′uu′du′u
)
= 1
2
(uu cosϕ− ud sinϕ)− 12 i (u′u cosϕ− u′d sinϕ)
= ω†u cosϕ− ω†d sinϕ.
(71)
e
1
2
ϕT˜2ω†de−
1
2
ϕT˜2 = 1
2
(
eϕuuudud − ieϕu′uu′du′d
)
= 1
2
(ud cosϕ+ uu sinϕ)− 12 i (u′d cosϕ+ u′u sinϕ)
= ω†u sinϕ+ ω†d cosϕ.
(72)
e
1
2
ϕT˜2ω†◦e−
1
2
ϕT˜2 = ω†◦. (73)
Hence, for any a in the plane Ww,
e
ϕ
2
T˜2ae−
ϕ
2
T˜2 = e−iϕσ2a. (74)
The transformations generated by T˜3 are
e
1
2
ϕT˜3ω†je−
1
2
ϕT˜3 = e
1
2
ϕuuu
′
ue−
1
2
ϕudu
′
dω†je
1
2
ϕudu
′
de−
1
2
ϕuuu
′
u . (75)
20
Therefore,
e
1
2
ϕT˜3ω†ue−
1
2
ϕT˜3 = eϕuuu
′
uω†u,
e
1
2
ϕT˜3ω†de−
1
2
ϕT˜3 = e−ϕudu
′
dω†d,
e
1
2
ϕT˜3ω†◦e−
1
2
ϕT˜3 = ω†◦.
(76)
Again, for any a in the plane Ww,
e
ϕ
2
T˜3ae−
ϕ
2
T˜3 = e−iϕσ3a. (77)
Using (61), we summarize the action of T˜j from (69), (74), (77), and the results that
these transformations leave ω†◦ and ω†uω†d unchanged, in the following:{
e
ϕ
2
T˜jae−
ϕ
2
T˜j = e−iϕσja, for any a in spanC(ω
†
u, ω
†
d) and spanC(ω
†
uω
†◦, ω†dω†◦),
e
ϕ
2
T˜jae−
ϕ
2
T˜j = a, for any a in spanC(1, ω
†◦, ω†uω†d, ω†uω†dω†◦),
(78)
where j ∈ {u, d, ◦}.
By (61), the action from (78) becomes{
e
ϕ
2
T˜jae−
ϕ
2
T˜j = e−iϕσj⊗12a, for any a ∈W0L ⊕W1L,
e
ϕ
2
T˜jae−
ϕ
2
T˜j = a, for any a ∈W0R ⊕W1R,
(79)
or, if we combine them,
e
ϕ
2
T˜jae−
ϕ
2
T˜j = e−iϕσj⊗PLa (80)
for any a ∈W0L ⊕W1L and j ∈ {1, 2, 3}.
The action of the operators (62) on the basis (58) of the space
∧ •N † = W0 ⊕W1
shows that they generate an SU(2) symmetry. The relation with the generators of the
SU(2)L symmetry from (41) is
e−iϕTja = e
ϕ
2
T˜jae−
ϕ
2
T˜j , (81)
for any a ∈W0L ⊕W1L and j ∈ {1, 2, 3}.
Hence, we recovered the usual generators of the SU(2)L group from the spin group
generators (62).
6. The Dirac algebra
While we can use any other basis, I preferred the one from (58), because it is easily
related to the Weyl basis for the Dirac matrices, and to the usual way to describe the
electroweak interaction.
Let us recall the chiral (Weyl) representation,
γ0 =


0 12
12 0


, γj =


0 σj
−σj 0


, γ5 =


−12 0
0 12


(82)
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and define a modified version of it
γ˜0 =


0 12
12 0


, γ˜j =


0 −σj
σj 0


, γ˜5 =


12 0
0 −12


. (83)
As we can see from the spinorial representation of the SU(2)L group, the Dirac rep-
resentation on the eight-dimensional space ASMp is the direct sum of the two chiral
representations,
Γµ =


γ˜µ 0
0 γµ


. (84)
From (50) and (51) follows that, in the basis (58),
iuuu
′
u =


−12 0 0 0
0 12 0 0
0 0 −12 0
0 0 0 12


, iudu
′
d =


−12 0 0 0
0 −12 0 0
0 0 12 0
0 0 0 12


, iu◦u′◦ = −


σ3 0 0 0
0 σ3 0 0
0 0 σ3 0
0 0 0 σ3


.
(85)
It follows that
Γ5 =


γ˜5 0
0 γ5


= uuudu
′
uu
′
d. (86)
7. The electroweak symmetry
In the standard electroweak theory, the electromagnetic and weak interactions are an
artifact of the broken electroweak symmetry, and are considered less fundamental than
the electroweak interaction. In the approach proposed here the electromagnetic and weak
interactions seem to be more fundamental than the electroweak interaction, and that
the hypercharge is less fundamental than the electric charge and the weak isospin. I do
not exclude the possibility of a reconstruction of the Standard Model from the algebra
ASM starting with the electroweak symmetry first, followed by a symmetry breaking
into the electromagnetic and weak symmetries. But we will see that the electroweak
symmetry breaking appears to come from the geometry of the algebra ASM, rather than
being spontaneous. The electroweak symmetry is still present in the approach proposed
here, but the electromagnetic and weak symmetries are distinguished by the geometry.
In the following I discuss the electroweak symmetry breaking from geometric point of
view. I will review first the geometry of the standard electroweak symmetry breaking in
a way similar to (Derdzinski (1992), Ch. 6). Then, I will calculate the Weinberg angle
as seems to be predicted by the algebra ASM.
The exchange bosons of the electroweak force are connections in the gauge bundle
having as fiber the two-dimensional Hermitian vector space (Ww, hw), where Ww :=
spanC
(
ω†u, ω†d
)
(equation (60)). Consequently, the internal components of the exchange
bosons of the electroweak force are elements of the unitary Lie algebra u(2)ew ∼= u (Ww),
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that is, Hermitian forms. The unitary Lie algebra u(2)ew, regarded as a vector space, has
four real dimensions. After the symmetry breaking, they correspond to the photon γ,
and the weak force bosons W± and Z0. Following (Derdzinski, 1992), the decomposition
of the Lie algebra u(2)ew into subspaces where each of these bosons live is
u (Ww) = γ (Ww)⊕W (Ww)⊕ Z (Ww) . (87)
Hence, γ ∈ γ (Ww), W± ∈ W (Ww), and Z0 ∈ Z (Ww). The decomposition (87) is not
unique, but is uniquely determined by the Higgs field φ and the Weinberg electroweak
mixing angle θW . In fact, what we need is a special complex line in the space Ww, which
is determined by φ, and an Ad-invariant inner product on u (Ww). The requirement
that the inner product is invariant results in the following form:
〈a, b〉u(Ww) = −2r2g′2Trace(ab) + r2(g′2 − g2) Trace aTrace b, (88)
where a, b ∈ u (Ww), g, g′ are constants – the coupling constants of the electroweak
model, and r2 > 0 is a constant. The Weinberg angle θW is given by
sin2 θW =
g′2
g2 + g′2
. (89)
The electric charge e is
e = g sin θW = g
′ cos θW =
1
2
√
g2 + g′2 sin 2θW . (90)
The standard electroweak model does not provide a preference for this angle, which
is determined indirectly from experiments. The grand unified theories, and the present
proposal, predict definite values for the Weinberg angle.
The Higgs field is a scalar with respect to spacetime symmetries, but internally it is
a vector φ ∈ Ww. The direction of the vector φ in Ww is the element ω†u = φ√
hw(φ,φ)
.
The Higgs field has two main roles: on the one hand is responsible for the symmetry
breaking, by selecting a particular direction in the space Ww. On the other hand, it is
responsible for the masses of at least some of the elementary particles.
The Higgs field is a section of the electroweak bundle, which splits the electroweak
bundle for a pair of weakly interacting leptons into two one-dimensional complex bun-
dles – the bundle spanned by the Higgs field, and the bundle orthogonal to that. But
in the proposed approach, this split is ensured by the operator −iee˜. Recall that the
representation of the Dirac algebra on one of the minimal left ideals of ASM is reducible,
being eight-dimensional. The operator −iee˜ splits each ideal into two four-dimensional
space by determining two projectors, 1
2
(1∓ iee˜). Therefore, it also determines the par-
ticular direction ω†u, and by this, the Higgs field φ up to a constant factor. Hence, in
the algebra ASM, the symmetry breaking does not require the Higgs field, although it is
still needed to generate the masses of the particles.
Let us now calculate the prediction of the Weinberg angle θW , first in general, consid-
ering an extension of u(2) to su(N), 2 < N ∈ N. I will follow a simple generalization of
the usual geometric proof, used for example in (Derdzinski (1992), Ch. 7) for the SU(5)
GUT. Because su(N) is simple, there is a unique Ad-invariant inner product, up to a
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constant r,
〈A,B〉SU(N) = −NrN Trace(AB), (91)
where A,B ∈ su(N), rN > 0. The embedding of u(2) in su(N) should be traceless,
because Trace(A) = 0 for any A ∈ su(N). It follows that the embedding is given, in a
basis extending the basis of Ww to C
N . by
a 7→ a⊕
(
− 1
N − 2 Trace aIW⊥w
)
(92)
for any a ∈ u(2).
Then,
〈a, b〉u(2) = 〈a⊕
(− 1
N−2 Trace aIW⊥w
)
, b⊕ (− 1
N−2 Trace bIW⊥w
)〉SU(N)
= −NrN Trace(ab)−NrN
(− 1
N−2
)2
Trace aTrace bTrace IW⊥w
= −NrN Trace(ab)−NrN 1N−2 Trace aTrace b.
(93)
By comparing with (88) it follows that 2r2g
′2 = rNN and r2(g′2 − g2) = −NrN 1N−2 .
This solves to g′2 = N
2
rN
r2
and g2 = g′2+ N
N−2
rN
r2
. Then, the Weinberg angle predicted by
a GUT based on the extension of u(2) to su(N) is
sin2 θW,N =
N
2
N + N
N−2
=
N
2
N(N−1)
N−2
=
1
2
N − 2
N − 1 . (94)
Then, for the SU(5) GUT model one gets sin2 θW,5 =
3
8
= 0.375.
For the algebra ASM, recall that u (Ww) is embedded in su(3), which is the symmetry
group of (N †, hN ). Then,
sin2 θW,ASM = sin
2 θW,3 =
1
4
= 0.25, (95)
corresponding to θW,ASM =
pi
6
.
The prediction of ASM, sin2 θW = 0.25, seems more encouraging that that of 0.375 pre-
dicted by the SU(5), Spin(10), and other GUTs. But its derivation from the embedding
of U(2)ew into an SU(3) symmetry acting on the left of the algebra ASM seems to im-
ply an unexpected connection between the electroweak symmetry and spacetime, which
requires further investigations. Moreover, it is still not within the range estimated exper-
imentally. Depending on the utilized scheme, the experimental values for sin2 θW , range
between ∼ 0.223 and ∼ 0.24 (Erler and Freitas, 2015). In particular, CODATA gives a
value of 0.23129(5) (Mohr and Newe, 2016). As in the case of the SU(5) prediction of
sin2 θW,5 = 0.375, a correct comparison would require taking into account the running of
the coupling constants due to higher order perturbative corrections. Note that there are
other models which predict the same value for θW , in particular in (Besprosvany, 2000;
Daviau, 2015; Daviau and Bertrand, 2015a).
A Weinberg angle fixed by the algebraic structure used in a particular model may
seem to be a problem, for two reasons. On the one hand the value has to somehow fit
within the experimental bounds, which may be explained by higher order corrections.
On the other hand, the model has to explain the anomaly cancellation, which is per-
fectly well explained within the electroweak symmetry breaking. A fixed geometric or
algebraic structure, which gives a fixed value for this angle, can still be compatible with
renormalization, because there are other parameters that come into the equations. For
example, there are many reasons to believe that renormalization in both quantum field
theory and quantum gravity is related to dimensional reduction effects of one kind or an-
other. A possible reason for this dependance of the energy of the coupling constants and
related parameters as proposed in several models was suggested in (Stoica, 2014, 2013)
to be due to general relativistic effects accompanying spacetime singularities. Whether
this may solve the problems related to a fixed Weinberg angle in this model is open for
future investigations.
8. The electrocolor symmetry
We will see now that the algebra ASM, which has the symmetries of the gauge groups
SU(3)c and U(1)em, contains the generators of these groups. The groups SU(3)c and
U(1)em are subgroups of SO(χ
†⊕χ), which is double-covered by the group Spin(χ†⊕χ),
The complex special orthogonal Lie algebra so(χ† ⊕ χ) ∼= so(6,C) ∼= spin(χ† ⊕ χ) ∼=
spin(6,C) corresponding to the inner product from equation (4) is the Lie algebra
(A2SM, [·, ·]), where [a, b] := ab − ba for any a, b ∈ A2SM, so it consists of the bivec-
tors of ASM. Since the subspace χ is isotropic with respect to the inner product (4), the
complex general linear group GL(χ) is a subgroup of SO(χ† ⊕ χ). The special unitary
group SU(3)c = SU(χ, h) is in turn a subgroup of GL(χ), so its Lie algebra su(χ, h) is a
Lie subalgebra of (A2SM, [·, ·]).
A set of generator bivectors for the group SU(3)c can be chosen to correspond to the
Gell-Mann matrices,
λ˜1 = e1e˜2 − e˜1e2, λ˜2 = e1e2 + e˜1e˜2, λ˜3 = e1e˜1 − e2e˜2,
λ˜4 = e1e˜3 − e˜1e3, λ˜5 = e1e3 + e˜1e˜3,
λ˜6 = e2e˜3 − e˜2e3, λ˜7 = e2e3 + e˜2e˜3, λ˜8 = 1√3(e1e˜1 + e2e˜2 − 2e3e˜3).
(96)
The proof is similar to that for the SU(2)L symmetry given in Section §5.3.
It is immediate to see that λ˜†j = −λ˜j for all values of j.
The standard Gell-Mann matrices are defined by λj = iλ˜j . Then,
e−iϕλja = e
ϕ
2
λ˜jae−
ϕ
2
λ˜j , (97)
for the SU(3)c representation 3.
As in the case of the SU(2)L symmetry, what we did was to obtain the double cover of
SU(3)c, which turns out to be a subgroup of the spin group Spin(χ
†⊕χ). The action of
an element g ∈ Spin(χ†⊕χ) on an element ω ∈ ASM is given by ω 7→ gωg−1. This means
that the action of SU(3)c on χ extends to the exterior algebra
∧ •χ, in a way compatible
with the exterior product. It follows that the spinorial action generated by the elements
λ˜j is equivalent to the right multiplication with the matrix O1 ⊕ eiϕλj ⊕ O1 ⊕ e−iϕλj .
This corresponds to the representations 1c, 3c, 1c, and 3c. Consequently, the action of
25
SU(3)c on
∧ •χ and on ∧ •χ† is the one prescribed in Section §3, as it should.
Since the space χ not only includes the color, but also the electric charge, let us find the
generator of the electromagnetic group U(1)em. Since the U(1)em gauge transformation
only multiplies the vectors in χ by a phase factor eiϕ, it follows that the generator is the
identity of EndC (χ),
Q = e1e˜1 + e2e˜2 + e3e˜3. (98)
Again, since we are using a spin representation, the action of the group U(1)em on∧ •χ and on ∧ •χ† is consistent with the exterior product, and the electric charge is
proportional with the degree, so it is k
3
e, where e is the electron charge, and k ∈
{±0,±1,±2,±3}, with the identification ∧−kχ = ∧ kχ† = ∧ kχ.
Equations (96) and (98) demonstrate how the color and electromagnetic symmetries
are unified into an electrocolor symmetry U(3)ec.
The symmetry generated by (98) transforms not only p
∧
kχ, but also ω†dp. From
ω†dp = q†p it follows that the electric charge of q†p is −1. This accounts for the fact that
each minimal left ideal contains two different particles, with different electric charges.
I arrived at the symmetries SU(3)c and U(1)em and the generators (96) and (98) start-
ing from the standard ideal decomposition of Clifford algebras Cℓ2r (Chevalley, 1997;
Crumeyrolle, 1990), the representation of U(N) and SU(N) on Cℓ2N as the subgroup of
Spin(2N) preserving a Hermitian inner product, given in (Doran et al., 1993), and by the
standard construction of the Hermitian exterior algebra (Wells, 2007), resulting in the
correct 1c, 3c, 1c, ad 3c representations. A proof that the unitary spin transformations
preserving a Witt decomposition in Cℓ6 give the SU(3)c and U(1)em symmetries, along
with a set of generators constructed from the qj and q
†
j ladder operators but equivalent
to (96), was given in (Furey, 2015). Based on the algebra Cℓ7, in (Trayling and Baylis,
2004) were proposed generators of SU(3)c which are equivalent to (96) due to the iso-
morphisms Cℓ7 ∼=MC(8) ∼= Cℓ6.
9. Leptons and quarks
We have seen in Section §4.2 that the algebra ASM decomposes naturally into eight
minimal left ideals (33),
ASM =
3⊕
k=0
ASMp
∧
kχ. (99)
In Section §5.3 we have seen that the ideal ASMp admits a decomposition compatible
with the weak symmetry,
ASMp = W0 ⊕W1 = W0R ⊕W0L ⊕W1L ⊕W1R. (100)
From (99) and (100), it follows that theASM decomposes naturally into representations
of the Dirac algebra
ASM =
3⊕
k=0
(W0 ⊕W1)
∧
kχ, (101)
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and into chiral spaces,
ASM =
3⊕
k=0
(W0R ⊕W0L ⊕W1L ⊕W1R)
∧
kχ. (102)
We proceed to identify each representation of the Dirac algebra from the decompo-
sition (101) of the algebra ASM with leptons and quarks. This identification should be
made taking into account the types of charges and of gauge symmetries for each lepton
and quark in a generic family.
First, we need to separate the internal and the external degrees of freedom which
identify each of the subspaces from (102). We identify as external degrees of freedom
those that change under a Lorentz transformation, and as internal degrees of freedom
those that do not change. It follows that the internal degrees of freedom, those that
classify the decomposition (102), are labeled by ω†u and ω†d – corresponding to the weak
symmetry, and by the various combinations of qK , K ⊆ {1, 2, 3} – corresponding to
the color. In fact, ω†u is not purely internal, since it changes under improper Lorentz
transformations like time inversion.
The Dirac representations for leptons and quarks have the formW0
∧
kχ andW1
∧
kχ,
or, in other words, W0qK and W1qK , where K ⊆ {1, 2, 3}. If the set K has one element,
one gets the elements q1, q2, q3, which have electric charge +
1
3
and colors r,y, and b. If
K has two elements, one obtains q23, q31, q12 have electric charge +
2
3
and colors r,y, and
b. Taking into account that ω†dp = udp and that ud = ie˜,
ω†dp = udp = ie˜p = q†p. (103)
Then, if W = spanC
(
1, ω†◦, ω†u, ω†uω†◦
)
, one obtains{
W0 = Wp,
W1 = Wω
†
dp = Wudp = Wq
†p,
(104)
The electric charge of q† = (q1q2q3)
† is −1, and it has no color. The element p = qq†
is electrically neutral and without color. The product q†p has therefore the electric
charge −1 and no color. The elements ω†up and ω†dp are invariant to proper Lorentz
transformations, and due to the spinorial representation of SU(2)L from Section §5.3,
they have weak isospin I3 of +
1
2
and −1
2
. The element ω†uω†dp has the weak isospin equal
to 0.
Therefore, the ideal (W0 ⊕W1)
∧
0χ represents the neutrino and the electron, while
(W0 ⊕W1)
∧
2χ represents up and down quarks. What about the ideals (W0 ⊕W1)
∧
1χ
and (W0 ⊕W1)
∧
3χ? They seem to correspond, by their charges, to particles similar
to the down and up antiquarks, and respectively to the positron and antineutrino. But
they should not be new particles, they should be antiparticles of the leptons and quarks.
To understand this, we take a closer look at the structure of an ideal (W0 ⊕W1)
∧
kχ.
27
Then,
(W0 ⊕W1)
∧
kχ =
(∧ •N †) p∧ kχ
=
(∧ •N †) qq†∧ kχ
=
(∧ •N †) qq†qq†∧ kχ
= (
∧ •N ) q†q∧ 3−kχ
= (
∧ •N ) p′∧ 3−kχ
=
(
W1 ⊕W0
)
p′
∧
3−kχ.
(105)
Hence, the ideal (W0 ⊕W1)
∧
kχ represents the antiparticles of the particles represented
by the ideal (W0 ⊕W1)
∧
3−kχ. The action of the groups U(1)em, SU(3)c, and SU(2)L,
on the antiparticle ideals are opposite to those on the corresponding particle ideals. The
chiral spaces are reversed, and so is the basis of the weak charges. For antiparticles the
weak interaction takes place only between the components of right chirality.
The hypercharge Y is obtained from the electric charge and the weak isospin by the
Gell-Mann–Nishijima formula
Y = 2(Q− T3). (106)
From (62) and (52) follows that
T˜1 = −e˜1e1e2 − ie2,
T˜2 = e3e˜2e˜3 + ie˜e3e1,
T˜3 = ie2e3e˜2e˜3 + e˜e.
(107)
Hence, the spinorial generators of the electroweak symmetry (107) do not commute with
those of the color symmetry (96). However, the electroweak symmetry, like the Dirac
algebra and the Lorentz group, acts on the ideals, while the color symmetry permutes the
ideals. Hence, their actions are independent. This is illustrated in (1) by the fact that
some of them act on the rows, while the others on the columns, therefore commuting.
We centralize all these remarks, and use as classifiers the elements of the form pqK
and q†pqK . Then, the data in Table 1 can be classified as in Table 5.
The leptons and quarks, as well as their antiparticles, sit therefore in the algebra ASM
as in (1).
10. All symmetries
The algebra ASM includes the leptons and quarks from a generic family, as well as the
electromagnetic, color, weak, and Lorentz symmetries. In this section we will look at its
symmetries. In order to do this, we have to review the layers of structures that define
this algebra.
The first structure is isomorphic to the algebraMC(8), or the algebra of complex linear
endomorphisms of an eight-dimensional complex vector space. The next level structure is
a special space of operators – the subspace χ†⊕χ ofMC(8). This determines a gradation
on MC(8), which makes it into the Clifford algebra Cℓ8. On top of the Clifford algebra
structure lies the Witt decomposition χ†⊕χ. From this, one obtains the electric and color
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Particle ν d u e+
Spinor space W0 W0qj W0qjk W0q123
Classifier p pqj pqjk pq123
Electric charge 0 +1
3
+2
3
+1
Chiral space
L ω†uW0 W0qj ω†uW0qjk W0q123
R W0 ω
†
uW0qj W0qjk ω
†
uW0q123
Weak isospin
L +1
2
0 +1
2
0
R 0 +1
2
0 +1
2
Hypercharge
L −1 +2
3
+1
3
+2
R 0 −1
3
+4
3
+1
Particle e− u d ν
Spinor space W1 W1qj W1qjk W1q123
Classifier q†p q†pqj q†pqjk q†pq123
Electric charge −1 −2
3
−1
3
0
Chiral space
L ω†dW0 ω†uω†dW0qj ω†dW0qjk ω†uω†dW0q123
R ω†uω†dW0 ω†dW0qj ω†uω†dW0qjk ω†dW0q123
Weak isospin
L −1
2
0 −1
2
0
R 0 −1
2
0 −1
2
Hypercharge
L −1 −4
3
+1
3
0
R −2 −1
3
−2
3
1
Table 5: Discrete properties of leptons and quarks in the algebra ASM.
charges, as well as the U(1)em and SU(3)c symmetries, in the form of representations of
subgroups of the spin group Spin(χ†⊕χ). These symmetries are the internal symmetries
of the decomposition of Cℓ8 into eight complex eight-dimensional minimal left ideals.
Each of these ideals is characterized by an electric charge and color charge, which may
be white. The action of the Dirac algebra on each of these ideals gives a reducible
representation. The representation is decomposed into irreducible representations by
the projectors 1
2
(1∓ iee˜) determined by the volume element ee˜ of Cℓ8. On the reducible
eight-dimensional representation of the Dirac algebra, that is, on each of these ideals,
the weak symmetry generators act at left, also as generators of a subgroup of the spin
group, but this time associated to a different subspace N †⊕N of Cℓ8. They gives the
usual left action of the weak force generators. The Dirac matrices also act at left, and
so do the Lorentz group. The generators of the electromagnetic symmetry act both at
right, like those of the color symmetry, and at left.
To see the way these various actions are nested on the representation of the algebra
ASM, let us recall that W1 = Wω†dp = Wudp = Wq†p = Wep. By this and (102), any
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element of the ASM is a linear combination of elements of the form
ω†◦
a ω†u
b q†c p qK, (108)
where K ⊂ {1, 2, 3} is a multiindex, a, b, c ∈ {0, 1}, and by convention, (ω†u)0 = (ω†◦)0 =(
q†
)0
= 1. Table 6 contains the ranges of action of each of the symmetry groups and
the Dirac algebra. As we have seen, the weak symmetry group, the Dirac algebra and
the Lorentz group act at the left of the projector operator p, the color symmetry group
at the right, and the electromagentic symmetry group on the right and partially on the
left, but its action does not overlap with the external symmetries.
ω†◦a ω†ub q†c p qK
︸ ︷︷ ︸
Dirac algebra
︸ ︷︷ ︸
U(1)em︸ ︷︷ ︸
O(1,3)
︸ ︷︷ ︸
SU(3)c︸ ︷︷ ︸
SO+(1,3)
︸ ︷︷ ︸
SU(2)L
︸ ︷︷ ︸
Spin+(1,3)
︸ ︷︷ ︸
Weak isospin
︸ ︷︷ ︸
Hypercharge
Table 6: Ranges of various actions on the algebra ASM. The header contains the factors
of the basis elements of ASM from equation (108). On the rows are represented
the ranges of the action of the groups or algebras acting on the ASM, that is,
which factors of the basis are affected.
11. Future plans
Obtaining a natural relation connecting the discrete parameters and the symmetries of
the Standard Model is a first step, but hopefully it may be the framework for future
developments. In particular, it would be interesting if this can lead to mathematical
relations between various continuous parameters like masses and coupling constants.
The most natural candidate, the prediction of the Weinberg angle, was already derived,
however, an explanation of why is still outside the experimental range is missing, as well
as how does it explain the anomaly cancellations in the electroweak unification, if it is
fixed. The number of families, the mixing matrices for neutrinos and quarks, as well as
the nature of neutrinos also worth being explored within the framework of the algebra
ASM. The proposed model, by unifying various aspects of the Standard Model, may
also be a first step toward a simpler and more insightful Lagrangian. This model clearly
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cannot include gravity on equal footing with the other forces, but its geometric nature
and the automatic inclusion of the Dirac algebra associated with the metric may allow
finding new connections with general relativity and gravity. At this stage these prospects
are speculative, but this is just the beginning. Another future step is to investigate the
quantization within this framework. Since the model does not make changes to the SM,
it may turn out that the Lagrangian and the quantization are almost the same as those
we know. But the constraints introduced by ASM may be helpful in these directions
too. An interesting difference is the electroweak symmetry breaking induced purely by
geometry, without appealing to the Higgs boson. The Higgs boson is not forbidden by
the model, being allowed to live in its usual space associated with the weak symmetry,
and it is still required, at least to generate the masses of the particles. But it gained
a more geometric interpretation, which may find applications in future research. The
proposed model does not make any assumptions about the neutrino, except that it is
represented as a 4-spinor. This includes the possibility that it is a Weyl spinor, already
refuted, or a Dirac or Majorana spinor, which is still undecided. This again depends on
the dynamics. It is not excluded that subsequent development of this model may decide
the problem in one way or another, at theoretical level.
A. The inner product on the ideal
To prove the relation (26), h(a, b)q†q = (a†q)†b†q = q†ab†q for any a, b ∈ ∧ •χ, we
verify it for each element of the basis (18). We use the facts that
∧ •χq = 0 and(
q†ab†q
)†
= q†ba†q.
Suppose a = 1. If b = 1, q†ab†q = q†q = h(1, 1)q†q. Now, suppose b = qj1...jk with
k > 0. Then, q†ab†q = q†b†q = 0.
For a = qj it is enough to take b
† = q†j1...jk with k > 0. Then, q
†qjb†q = q†qjq†j1...jkq =
q†(δjj1 − q†j1qj)q†j2...jkq = δjj1q†q†j2...jkq. We see that the only non-vanishing case is b = qj.
Now consider a = qjk and b
† = q†j1...jk . The cases when k < 2 are already checked, so
it remains to check k = 2 and k = 3. For k = 2, q†qjkq†lmq = q†qj(δkl − q†lqk)q†mq =
δklq
†qjq†mq − q†qjq†lqkq†mq = δklq†(δjm − q†mqj)q − q†qjq†l(δkm − q†mqk)q = δklδjmq†q −
δkmq
†qjq†lq = δklδjmq†q − δkmq†(δjl − q†lqj)q = (δklδjm − δkmδjl)q†q. Hence, the only non-
vanishing cases are b = ±qjqk, in which case the inner product is ±1, as expected. For
k = 3 it is simply to check that a factor ql remains, where {j, k, l} = {1, 2, 3}, and by
multiplication with q gives 0.
For a = b = q, q†ab†q = q†qq†q = q†q, so the product is 1.
All other cases are already checked, because
(
q†ab†q
)†
= q†ba†q.
B. From weak symmetry to Cℓ6
In this section I show that weak interactions lead automatically to the extension of the
Dirac algebra to the complex Clifford algebra Cℓ6. The Dirac algebra D is the complex
Clifford algebra Cℓ4. It extends to the Clifford algebra Cℓ5 by including the weak isospin
operator T3. Then, the Dirac algebra turns out to be the even subalgebra Cℓ
+
5 of Cℓ5.
The other two generators T1 and T2 of the weak symmetry extend the algebra Cℓ5 to
the complex Clifford algebra Cℓ6. The algebra Cℓ5 becomes the even subalgebra Cℓ
+
6 of
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Cℓ6. Hence, we have the following successive extensions, from the Dirac algebra to the
complex Clifford algebra Cℓ6:
D = Cℓ4 ∼= Cℓ+5 →֒ Cℓ5 ∼= Cℓ+6 →֒ Cℓ6. (109)
From the operators Tj , we can construct, using the matrix Γ
0 = 12 ⊗ γ0, where
γ0 =


02 12
12 02


in the Weyl basis, the operators
τ j := 2Tj + 2TjΓ
0. (110)
Since γ0 swaps the left and right chiral components, we find that
τ j = σj ⊗ 14. (111)
The matrices τ j act on


ψ0
ψ1


∈ W0 ⊕W1 just like the operators 2Tj, except that
they act the same also on the right-handed components.
The matrices τ j = σj⊗14 commute with the Dirac matrices Γµ = 12⊗γµ ∈ EndC(W0⊕
W1), µ ∈ {0, 1, 2, 3}. But the matrices
ωj := τ jΓ5 (112)
anticommute with Γµ, µ ∈ {0, 1, 2, 3}, and satisfy
ωjωk = δjk + iǫ
jklτ l, (113)
for all j, k, l ∈ {1, 2, 3}.
Since ω3 ∈MC(4)⊕MC(4) ∼= Cℓ5 but is not of the form 12⊗A, A ∈MC(4), it follows
that together with matrices of the form 12 ⊗ A, it generates the entire Clifford algebra
Cℓ5. A Clifford basis for Cℓ5 is given by the matrices ω
3Γµ and ω3. It follows that the
images of the Dirac matrices in Cℓ5 are even elements, Γ
µ ∈ Cℓ+5 . The volume form
of the Clifford algebra Cℓ5, which is the product of the elements of its basis, is then
(ω3Γ0)(ω3Γ1)(ω3Γ2)(ω3Γ3)ω3 = Γ0123ω3 = −iτ 3.
The matrices ω1 and ω2 do not belong toMC(4)⊕MC(4), they belong to σ1⊗MC(4).
They provide an extension of the algebra Cℓ5 to the algebra Cℓ6. A Clifford basis for Cℓ6
is given by the matrices ω1Γµ, ω1, and τ 2. By this, the Clifford algebra Cℓ5 is identified
to the even subalgebra Cℓ+6 of Cℓ6. The volume form of the Clifford algebra Cℓ6, which
is the product of the elements of its basis, is also −iτ 3.
So far we have seen that the weak symmetry automatically leads to the successive
extensions (109) of the Dirac algebra to the Clifford algebra Cℓ5 and to Cℓ6,
D = Cℓ4 ∼= Cℓ+5 →֒ Cℓ5 ∼= Cℓ+6 →֒ Cℓ6.
Therefore, the weak symmetry requires the Dirac algebra to be extended to the complex
six-dimensional Clifford algebra Cℓ6.
In this article I used a slightly different representation than that presented in this
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Section, in order to make clearer the properties of the algebra ASM.
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